Abstract. This paper is focused on numerical semigroups and presents a simple construction, that we call dilatation, which, from a starting semigroup S, permits to get an infinite family of semigroups which share several properties with S. The invariants of each semigroup T of this family are given in terms of the corresponding invariants of S and the Apéry set and the minimal generators of T are also described. We also study three properties that are close to the Gorenstein property of the associated semigroup ring: almost Gorenstein, 2-AGL, and nearly Gorenstein properties. More precisely, we prove that S satisfies one of these properties if and only if each dilatation of S satisfies the corresponding one.
Introduction
A numerical semigroup S is a submonoid of N for which N \ S is finite. Numerical semigroups arise in several context, for instance, given a field k, it is possible to define a ring k[[S]] = k[[t s ; s ∈ S]] called the numerical semigroup ring associated with S; that's why numerical semigroup theory has many analogies with commutative algebra.
The aim of the paper is to develop a new construction that we call dilatation of S. More precisely, given a ∈ S, we study the numerical semigroup S + a = {s + a; s ∈ S \ {0}} ∪ {0}. Actually it is enough to require that a ∈ N \ S, provided that S + a is a semigroup. Rosales considers a similar construction in [9] , taking {0} ∪ {s + a; s ∈ S}, but despite the apparent similarity the two constructions are deeply different.
We give simple formulas for several invariants of S + a (and therefore k[[S + a]] as well) such as embedding dimension, type and Hilbert function, but also for the Apéry set of S + a. We also explain how to get the minimal generators of S + a, giving an explicit formula if S has only two generators. Moreover, if the Wilf's conjecture holds for the starting semigroup S, it holds also for all the semigroups S + a.
Numerical semigroups reflect several properties of one-dimensional Cohen Macaulay rings and it is well known that Gorenstein rings correspond to symmetric semigroups. Since S + a is never symmetric, we focus Section 3 on three properties which in terms of rings are close to the Gorenstein property. More precisely, we consider almost symmetric, 2-AGL, and nearly Gorenstein properties.
Almost symmetric semigroups and the corresponding almost Gorenstein rings were introduced in [1] for one-dimensional analytically unramified rings. These arise in numerical semigroup theory in order to generalize symmetric and pseudo-symmetric semigroups. Later the notion has been generalized to a larger class of rings, even of higher dimension (cf. [6] and [7] ).
Nearly Gorenstein and 2-almost Gorenstein rings, briefly 2-AGL, are two very recent notions introduced in [8] and [2] respectively. The 2-AGL rings are, in some sense, the rings not almost Gorenstein that are the closest to be that. Instead nearly Gorenstein rings generalize Gorenstein rings using the trace ideal and are not related to almost Gorenstein rings in general, even if each one-dimensional almost Gorenstein ring is nearly Gorenstein.
In particular, we consider these three properties for numerical semigroups and show that a semigroup S satisfies one of these properties if and only if each dilatation of S satisfies the corresponding property.
Several computations of the paper are performed by using the GAP system [5] and, in particular, the NumericalSgps package [3] .
General properties
Let S be a numerical semigroup with maximal ideal M = S \{0}. We always assume that S = N. For all the basic definitions of the invariants of S we refer to [10] . The elements of N \ S are called gaps of S and, since there is a finite number of gaps, we denote by g(S) their cardinality, which is called the genus of S. The maximum gap is the Frobenius number F (S) of S. Other important invariants are the multiplicity e(S), i.e. the smallest positive element of S, the cardinality of S ∩ [0, F (S)] denoted by n(S) and the type t(S). We also denote by Γ(S) the set of minimal generators and by ν(S) = |Γ(S)| the embedding dimension of S. Moreover, let H S (h) denote the h-th value of the Hilbert function of S,
If a ∈ S, it is easy to check that {0} ∪ {s + a; s ∈ M } is also a numerical semigroup (with maximal ideal M + a) that we call a dilatation of S with respect to a and denote by S + a. The definition above can be generalized a little. In order to have a semigroup T with a translation a of the maximal ideal M of S, it is necessary and sufficient that a + s 1 + s 2 ∈ M , for each s 1 , s 2 ∈ M , i.e. that a ∈ M − 2M . The semigroups S and S + a are strictly related:
Proof. The first four points are trivial and (7) follows from (6). For (5) observe that the maximal ideal of T is M + a and M − M = (M + a) − (M + a). Since S = N, the type of S is given by |(M − M ) \ S| and the type of T is given by
Observe that |hM \ (hM + e)| = e and that
Denoting by δ h this last cardinality, we have
and so
The smallest h such that δ h = 0 is the reduction number (say r) of M and of M + a. Since
. . , e − δ r−1 , e, e, .
. . ] and H T = [1, e + a − δ 1 , e + a − δ 2 , . . . , e + a − δ r−1 , e + a, e + a, .
. . ], we get the thesis.
It is easy to see that S is of maximal embedding dimension if and only if T is of maximal embedding dimension and that S is an Arf semigroup if and only if T is Arf.
The Apéry set of S with respect to s ∈ S is the set Ap(S, s) = {x ∈ S; x − s / ∈ S}. This set contains many information about the semigroup and we recall that its cardinality is always s. Proposition 2.2. Let a ∈ S. If 0 < s ∈ S, the Apéry set of T = S + a with respect to s + a ∈ T is
Proof. In the set in the right side there are s + a elements, therefore, it is enough to prove that they are in Ap(T, s + a) and they are distinct. Clearly 0 and s + 2a are in Ap(T, s + a).
Finally, we prove that these elements are distinct. It is clear that 0 and s + 2a are not in the other two sets. Then, suppose that α + a = β + s + a with α ∈ Ap(S, s) and β ∈ Ap(S, a), i.e. α − s = β; since β ∈ S and α ∈ Ap(S, s), this yields a contradiction.
In the previous proposition it is necessary that a ∈ S. In fact, consider the numerical semigroup S = 4, 7 and T = S + 10; it is a straightforward check that 10 ∈ M − 2M and 10 / ∈ S. Moreover, Ap(S, 4) = {7, 14, 21}, but 31 = 21 + 10 is not in Ap(T, 14), since 31 − 14 = 7 + 10 ∈ T .
Proof. Assume that s 1 +s 2 ∈ Ap(S, s), then (s 1 +a)+(s 2 +a) = (s 1 +s 2 +a)+a ∈ M +a and (s 1 +a)+(s 2 +a)−(s+a) = (s 1 +s 2 −s)+a / ∈ M +a; thus (s 1 +a)+(s 2 +a) ∈ Ap(T, s+a). Conversely, if (s 1 +a)+(s 2 +a) ∈ Ap(T, s+a), then (s 1 +a)+(s 2 +a)−(s+a) = s 1 +s 2 −s+a / ∈ M + a and, hence,
The previous lemma gives a one to one correspondence between Ap(S, e(S)) \ Γ(S) and Ap(T, e(S) + a) \ Γ(T ). So denoting by ǫ the cardinality of such sets, we get an alternative way to see that ν(T ) = ν(S) + a, in fact ν(T ) = (e(S) + a) − ǫ + 1 = (e(S) − ǫ + 1) + a = ν(S) + a. Moreover, in light of Proposition 2.2, the lemma implies the following corollary:
Corollary 2.4. If a ∈ S, the minimal generators of T = S + a are the following:
Proof. Let x ∈ Ap(T, e(S) + a). By the previous lemma x is not a generator of S + a if and
Recalling that all the generators except e(S) + a are in Ap(T, e(S) + a), the thesis follows by Proposition 2.2.
In the following we give an explicit description of the minimal generators of S + a, when S has two generators.
Proposition 2.5. Let S = n, m with gcd(n, m) = 1 and n < m. Let a = λn + µm ∈ S with µ < n and consider T = S + a. Then:
• If λ > 0, the minimal generators of T are Proof. Let T = S + a and suppose that F (S) + 1 ≤ n(S) · ν(S). Applying Proposition 2.1, we get F (T )+ 1 = F (S)+ a+ 1 ≤ n(S)·ν(S)+ a ≤ n(S)·ν(S)+ n(S)a = n(S)·(ν(S)+ a) = n(T ) · ν(T ).
In [4] and [11] it is proved that the Wilf's conjecture holds provided that g(S) ≤ 60 or e(S) ≤ 8 respectively. Clearly if S satisfies one of this properties and a is large enough, S + a does not satisfy it. It is easy to see that the previous question has an affermative answer if S has maximal embedding dimension e; in fact in this case it is known that µ(S) = e(e − 1)/2 and µ(S + a) = (e + a)(e + a − 1)/2, see [10, Theorem 8.30 ].
Generalizations of the symmetric property
Given a numerical semigroup S, the canonical ideal of S is defined as the set Ω S = {x ∈ N; F (S) − x / ∈ S} and S is said to be symmetric if S = Ω S . This is a central notion in numerical semigroup theory and corresponds to the Gorensteinness of the numerical semigroup ring associated with S. It is well-known that S is symmetric if and only if has type one and thus, if a is positive, S + a is never symmetric by Proposition 2.1(5). On the other hand, it is possible to use this construction to find numerical semigroups that are, in some sense, near to be symmetric. In particular, in this section we consider the following properties: almost symmetric, 2-almost Gorenstein and nearly Gorenstein.
By definition a numerical semigroup S with maximal ideal M and canonical ideal Ω is almost symmetric if Ω + M ⊆ M or, equivalently, if Ω ⊆ M − M . Since 0 ∈ Ω, we have that Ω ⊆ 2Ω ⊆ 3Ω ⊆ . . . . The reduction number of Ω is the smallest h such that hΩ = (h+ 1)Ω, i.e. it is the smallest h such that hΩ is a semigroup. A semigroup S is almost symmetric but not symmetric if and only if the reduction number of Ω is 2 and |2Ω \ Ω| = 1 (cf. [1, Proposition 14] ). Now we show that the almost symmetric property is stable with respect to dilatations.
Lemma 3.1. Let a ∈ M − 2M and T = S + a. Then:
Proof. Suppose that x ∈ Z, x = F (S), F (T ). We have that F (S) − x = F (T ) − a − x / ∈ S if and only if (F (T )−a−x)+a = F (T )−x / ∈ T ; then x ∈ Ω S if and only if x ∈ Ω T . Moreover, since F (T )− F (S) = a / ∈ T , we get that F (S) ∈ Ω T and, obviously, F (T ) ∈ S ⊆ Ω S ; hence, the thesis follows. which is also almost symmetric (of type 8 + 5 = 13 and embedding dimension 14).
By Proposition 3.2 we get that, if S is symmetric, every semigroup obtained by a dilatation of S is almost symmetric. However, there are almost symmetric semigroups which are not dilatations of symmetric semigroups. For instance, the semigroups of the example above are not dilatations of symmetric ones or consider, more simply, T = 4, 7, 9 = {0, 4, 7, 8, 9, 11 →}, which is almost symmetric and is not the dilatation of any semigroup.
Indeed it is natural to define a "contraction" to pass from a semigroup T of maximal ideal M T to a semigroup S = T −a, where a ∈ N. In this case, in order to have S additively closed, it is necessary and sufficient that t 1 + t 2 − a ∈ M T , for each t 1 , t 2 ∈ M T , i.e. that 2M T ⊆ M T + a, in particular a ≤ e(T ).
Let R be a one-dimensional Cohen-Macaulay local ring and let I be a canonical ideal of R. Let e i (I) denote the Hilbert coefficients of R with respect to I. It is known that s = e 1 (I) − e 0 (I) + ℓ R (R/I) is positive and independent of the choice of I; moreover, R is almost Gorenstein if and only if s = 1. In [2] Chau, Goto, Kumashiro, and Matsuoka study the rings for which s = 2 that they call 2-almost Gorenstein local rings or briefly 2-AGL rings. If ω is a canonical module of R such that R ⊆ ω ⊆ R, where R denotes the integral closure of R, they prove that R is 2-AGL if and only if ω 2 = ω 3 and ℓ R (ω 2 /ω) = 2, see [2, Theorem 1.4] .
Similarly, given a numerical semigroup S with canonical ideal Ω, we say that S is 2-AGL if the reduction number of Ω is 2 and |2Ω \ Ω| = 2. Clearly, S is 2-AGL if and only if
From what we recalled above, it is clear that almost symmetric semigroups and 2-AGL semigroups are disjoint classes.
We are interested to the property 2-AGL of S + a and, therefore, we can exclude that S is symmetric, since in this case S + a is almost symmetric and then not 2-AGL.
Lemma 3.4. Let S be not symmetric and let a ∈ M − 2M . Then, for every integer i ≥ 2, it holds that iΩ S = iΩ S+a . In particular, the canonical ideals of S and S + a have the same reduction number.
∈ Ω S for some j, i.e. x j = F (S); then, x is equal to or grater than F (S). In the latter case x ∈ S ⊆ Ω S ⊆ iΩ S , while if x = F (S) it follows that x ∈ 2Ω S ⊆ iΩ S , since S is not symmetric. The other inclusion is analogous.
Since S and S + a are not symmetric, F (S) ∈ 2Ω S and F (S + a) ∈ 2Ω S+a ; moreover, F (S + a) ∈ Ω S and F (S) ∈ Ω S+a . Therefore, the previous lemma immediately implies the following:
is 2-AGL if and only if S is 2-AGL.
Another generalization of Gorenstein ring is the notion of nearly Gorenstein ring, introduced by Herzog, Hibi, and Stamate in [8] . In the one-dimensional case nearly Gorenstein rings generalize almost Gorenstein rings, see [8, Proposition 6.1] . In particular, in [8] it is also introduced the notion of nearly Gorenstein numerical semigroups that is a generalization of almost symmetric semigroups.
The trace ideal of S is defined as tr(S) = Ω S + (S − Ω S ). Then S is said to be nearly Gorenstein if M ⊆ tr(S). The semigroup S is symmetric if and only if tr(S) = S, otherwise S is nearly Gorenstein exactly when tr(S) = M , since tr(S) is an ideal contained in S.
We give here a simple direct proof that nearly Gorenstein semigroups generalize the almost symmetric ones. Proof. If S is symmetric, tr(S) = S and, then, it is nearly Gorenstein. If S is a nonsymmetric almost symmetric semigroup, we have
Remark 3.7. Nearly Gorenstein and 2-AGL numerical semigroups are two disjoint classes. This is already noted in [2] for one-dimensional rings, but we include a simple proof in the case of numerical semigroups.
Assume by contradiction that S is both 2-AGL and nearly Gorenstein and let x ∈ M such that F (S) − x ∈ 2Ω \ Ω. Clearly S is not symmetric and 2Ω \ Ω = {F (S) − x, F (S)}. Since M = Ω+(S −Ω), we have x = (F (S)−f )+s for some f / ∈ S and some s ∈ S −Ω ⊆ M ; therefore, f −s = F (S)−x ∈ 2Ω\Ω. Consequently F (S)−s = (F (S)−f )+f −s ∈ 3Ω = 2Ω and it is not in Ω, since s ∈ M ; thus, s = x. Moreover, if F (S)−s = k 1 +k 2 with k 1 , k 2 ∈ Ω, it follows that F (S)−(s+k 1 ) = k 2 ∈ Ω, but s+k 1 ∈ (S −Ω)+Ω ⊆ S yields a contradiction.
Lemma 3.8. Let a ∈ M − 2M . If S is not symmetric, then tr(S + a) = tr(S) + a.
Proof. Let T = S + a. We first notice that S − Ω S = S − (Ω S \ {F (T )}), since F (T ) is in the conductor of S. Similarly, we claim that T − Ω T = T − (Ω T \ {F (S)}). The type of T is greater than two and, then, there are at least two elements in Ω T \ T ; this implies that 0 / ∈ T − (Ω T \{F (S)}). Let x ∈ T − (Ω T \{F (S)}). Since 0 ∈ Ω T , it follows that x ∈ T \{0} and, then, x = m + a with m ∈ M . Therefore, x + F (S) > F (T ) and x ∈ T − Ω T .
Moreover, tr(T ) = (Ω T \ {F (S)}) + (T − Ω T ); in fact, if x = F (S) + y with y ∈ T − Ω T , then we can write x = 0 + (F (S) + y) ∈ Ω T \ {F (S)} + (T − Ω T ), since y = 0. A similar argument shows that tr(S) = (Ω S \ {F (T )}) + (S − Ω S ).
Since S is not symmetric, 0 / ∈ (S − (Ω S \ {F (T )})) and, using this fact, it is easy to prove that T − (Ω S \ {F (T )}) = a + (S − (Ω S \ {F (T )})).
Hence, it follows that Recall that if S is symmetric, S + a is always almost symmetric (Proposition 3.2) and then by Proposition 3.6 it is nearly Gorenstein. Thus, we get the following: Corollary 3.9. S is nearly Gorenstein if and only if S + a is nearly Gorenstein for all a ∈ M − 2M .
